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Abstract. We propose a new scheme of spin filtering employing ballistic nanojunctions patterned in a two
dimensional electron gas (2DEG). Our proposal is essentially based on the spin-orbit (SO) interaction
generated by a lateral confining potential (β-SO coupling ).
We demonstrate that the flow of a longitudinal unpolarized current through a ballistic T and X junction
with this spin-orbit coupling will induce a spin accumulation which has opposite signs for the two lateral
probes and is, therefore, the principal observable signature of the spin Hall effect in these devices.

PACS. 72.25.-b Spin polarized transport – 72.20.My Galvanomagnetic and other magnetotransport effects
– 73.50.Jt Galvanomagnetic and other magnetotransport effects (including thermomagnetic effects)

1 Introduction

In recent years the increasing interest in spin-based infor-
mation processing has fomented the field of semiconductor
spintronics [1,2]. Several fundamental quantum phenom-
ena which involve electron spin, have been investigated
in order to generate and measure pure spin currents, i.e.
not accompanied by any net charge current. Among these
studies many are focused on the role of Spin Orbit (SO)
couplings in condensed matter systems.

In the field of the spintronics a lot of attention was
devoted to the Spin Hall Effect (SHE). The Hall effect is
one of the most famous phenomena in condensed matter
physics [3]: when electric current flows along a conductor
subjected to a perpendicular magnetic field, the Lorenz
force deflects the charge carriers creating a transverse Hall
voltage between the lateral edges of the sample.

In analogy to the conventional Hall effect, an external
electric field can be expected to induce a pure transverse
spin current in the absence of applied magnetic fields. In
fact the opposite spins can be separated and then accu-
mulated on the lateral edges (2 and 4 in Fig. 1) when
they are transported by a pure spin Hall current flowing
in the transverse direction in response to an unpolarized
charge current in the longitudinal direction (leads 1 and 3
in Fig. 1). Thus in order to give rise to the SHE the SO
coupling has a central role. The SO Hamiltonian due to
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Fig. 1. Contour and 3D Plots of the potentials Vc(x, y) which
model a nanojunction. (Top) The typical 3-probe T junction
(Bottom) the cross junction in the X geometry. The junctions
in analogy with the devices proposed in reference [13] can be
assumed as crossing junctions between two Q1D wires of width
W which ranges from ∼25 nm up to 100 nm.
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an electric field, E(r), is given by [4]

ĤSO = −λ2
0

�
m0eE(r) [σ̂ × p̂] . (1)

Here m0 denotes the electron mass in vacuum, σ̂ are the
Pauli matrices, p̂ is the canonical momentum operator r
is a 3D position vector and λ2

0 = �
2/(2m0c)2. In semi-

conductors heterostructures, at whose interface the two
dimensional electron gas (2DEG) is entrapped, m0 and λ0

are substituted by their effective values m∗ and λ.
In this paper we consider low dimensional electron sys-

tems formed by quasi-one-dimensional (Q1D) devices pat-
terned in 2DEGs. In such systems there can be different
types of SO interaction [5] as: (i) the so-called Dresselhaus
term which originates from the inversion asymmetry of
the zinc-blende structure [6], (ii) the Rashba (α-coupling)
term due to the quantum-well potential [7] that confines
electrons to a 2D layer and (iii) the confining (β-coupling)
term arising from the in-plane electric potential that is
applied to squeeze the 2DEG into a Q1D channel [7,8].

Early theoretical studies predicted the SHE as an ex-
trinsic effect due to impurities in the presence of SO cou-
pling [9]. In this effect SO-dependent scattering of impuri-
ties will deflect spin-↑ (spin-↓) electrons predominantly to
the right (left). More recently, it has been pointed out that
there may exist a different SHE purely intrinsic. A pure
transverse spin Hall current should be observed that is sev-
eral orders of magnitude greater than in the case of the
extrinsic effect, arising due to intrinsic mechanisms related
to the spin-split band structure in SO coupled bulk [10,11]
or mesoscopic [12] semiconductor systems.

Here we want discuss the presence of SHE in nano-
junctions formed by crossing Q1D devices. The presence
of SHE can be argued by the presence of a spin current or
a spin accumulation as in reference [13] where the authors
demonstrated that the flow of a longitudinal unpolar-
ized current through a ballistic 2DEG with α-SO coupling
will induce a nonequilibrium spin accumulation which has
opposite signs for the two lateral edges. The discussion
was extended with the investigation of the SHE in multi-
probe ballistic SO coupled semiconductor bridges [14] i.e.
a device where longitudinal leads are attached to ballistic
quantum-coherent 2DEG in a semiconductor heterostruc-
ture [13,14]. The latter device can be assumed as a cross-
ing junction between two Q1D wires [15]. In this kind of
devices the effects of the β-SO coupling can be relevant as
was discussed in reference [16] by giving a localization of
the spin currents in a Q1D wire. It follows that the trans-
verse profile of the out-of-plane Sz(r) component of the
spin accumulation develops two peaks of opposite signs in
the lateral probes of the junction (2 and 4 in Fig. 1) when
an unpolarized spin current is injected in the lead 1. Upon
reversing the bias voltage (V13), the edge peaks flip their
sign 〈Sz(r)〉V = −〈Sz(r)〉−V .

In this paper we discuss the spin polarization of
the current in the presence of β-SO interaction in
X-shaped [17] four-probe (Fig. 1 top) and T-shaped [18]
three-probe (Fig. 1 bottom) nanometric cross junctions.
We focus on single-channel transport and investigate with

a numerical semiclassical approach the spin accumula-
tion in the transverse leads. We will show why a β cou-
pling scheme results in better performances and a different
working principle as compared to equivalent structures ex-
ploiting the α coupling.

2 Model and theoretical approach

2.1 β-SO coupling and effective magnetic field

The β coupling term stems from equation (1) as

Ĥβ
SO =

λ2

�
σ̂z [∇V (x) × p̂]z . (2)

This SO term can be seen as the interaction of the electron
spin with the magnetic field appearing in the rest frame of
the electron. In a Q1D wire, where a parabolic confinement
along ξ (ξ ≡ x for leads 1 and 3 and ξ ≡ y for leads 2 and
4) with force ωd is considered (V (r) ≡ V (ξ) = m∗ω2

2 ξ2),
it follows

Ĥβ
SO =

β

�

ξ

lω
(σ̂ × p̂)ξ � iβ

x

lω
σz

∂

∂η
. (3)

Here lω = (�/m∗ω)1/2 is the typical spatial scale, η is
the other direction in the 2DEG (η ⊥ ξ), and we assume
〈pz〉 = 0, because in a junction patterned in the plane
of a 2DEG the motion perpendicular to the plane of the
electron gas is quantum mechanically frozen out.

Thus, as we discussed in a previous paper [16], in a
Q1D wire a uniform effective magnetic field Beff is present
along z (Beff = λ2 m∗2ω2

dc/�) directed up or down accord-
ing to the sign of Sz.

The discussion reported above for a Q1D wire can be
generalized to a device patterned in a 2DEG. The Hamil-
tonian of an electron moving in a 2D device defined by a
generic confining potential Vc(r) in which the α-SO term
is negligible can be written as

H =
p2

2m∗ +
λ2

�
e (E(r) ∧ p)z σz + Vc(r)

=
π2

2
+ Vc(r) − λ4m∗

2�2
e2 |E(r)|2, (4)

where πi = (pi − εijz
λ2

�
m∗eEjσz) and E(r) = ∇Vc(r).

The commutation relation

[πx, πy] = −i�

(
λ2

�
m∗e∇ ·E

)
σz ≡ −i�

e

c
Beff(r)σz

is equivalent to that of a charged particle in a transverse
magnetic field, but here the sign of Beff(r) depends on the
direction of the spin along ẑ.

2.2 Models for the junctions

In a four-probe cross junction sample (Fig. 1 bottom),
the confining electrostatic potential VX for an electron is
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not exactly known. However, it is plausible that there has
to be a potential minimum at the center of the junction.
In this respect, it would be appropriate to qualitatively
model the smooth potential walls as

VX(x, y) =
m∗

2
ω2

dR2 x2y2

(R2 + x2)(R2 + y2)
, (5)

where lω can be related to the effective width of the wires,
W and R to the effective radius of the crossing zone. Anal-
ogously, for a T shaped cross junction, we write

VT (x, y) =
m∗ω2

dR2

2
y2

R2 + y2

(
x2

R2 + x2
ϑ(−y) + ϑ(y)

)
,

(6)
where ϑ(y) ∼ (1 + tanh(y/ρ))/2. In both cases, it fol-
lows the asymptotic behaviour corresponding to parabolic
QWs, while Beff(x, y) is a not homogeneous field with a
constant asymptotic value, B̃eff = Beff(x,−∞). Next, our
results will be given as a function of the ratio ωc/ωd with
ωc = eB̃eff/(m∗c).

2.3 Ballistic transport and theoretical approach

When the characteristic sizes of semiconductor devices are
smaller than the elastic mean free path of charge carriers,
the carrier transport becomes ballistic. It follows that the
transport can be studied starting from the probability of
transmission from one probe to another one following the
Büttiker-Landauer formalism [19].

The calculation of the transmissions amplitude is
based on the simulation of classical trajectories of a large
number of electrons with different initial conditions. We
want to determine the probability T s,s′

1j of an electron
with spin s to be transmitted to lead j with spin s′ when
it is injected in lead 1. These coefficient can be deter-
mined from the classical dynamics of electrons injected at
y0 = −7.5 lω (emitter position) with an injection probabil-
ity following a spatial distribution p0(x0, y0) ∝ e−x2

0/l2ω as
in reference [20]. The total energy ε of a single electron is
composed by the free electron energy ε0

y for motion along
y and the energy of the transverse mode considered ε0

x due
to the parabolic confinement (εx = �ωd/2 for the lowest
channel).

Thus, we have calculated T s,s′
ij determined by numer-

ical simulations of the classical trajectories injected into
the junction potential Vc with boundary conditions [17]
r(0) ≡ (x0, y0);v(0) ≡ v0, each one with a weight p0(x0).
In general these transmission amplitudes can depend on
the position of the collectors along the probes.

Before passing to the discussion about our results, we
want to point out that a comparison with theoretical and
experimental results allowed us to test our approach. In
fact, in reference [17] we investigated the effects on the
X-junction transport due to a quite small external mag-
netic field, Bext, by focusing on the so called quenched
region. The measured “quenching of the Hall effect” [21]
is a suppression of the Hall resistance or “a negative Hall

resistance” RH for small values of Bext. The results re-
ported in reference [17] showed a good agreement with
the experimental data by confirming the reliability of our
approach.

3 Results

The Lorentz force due to the effective field Beff deflects
spin-↑ and spin-↓ electrons in opposite transverse direc-
tions by giving a spin accumulation 〈Sz(x)〉 in the trans-
verse probes (2 and 4) depending on the transverse coor-
dinate x.

In Figure 2 we show the profile of 〈Sz(x)〉 in the
X-junction obtained by moving the collectors along the
x direction. 〈Sz(x)〉 corresponds to the spin polarization

〈Sz〉 =
T ↑↑

i1 − T ↓↓
i1

T ↑↑
i1 + T ↓↓

i1

,

in this special case where T ↑↓
ij = T ↓↑

ij = 0, because of the
commutation between Ŝz and Ĥβ

SO. We observe a plateau
in the top panel for values of ωc/ωd larger than 10−2 at
a large distance from the crossing zone. We can also ob-
serve the presence of quenching, i.e. a negative 〈Sz(x)〉 for
a smaller value of ωc/ωd, in agreement with the results
reported in reference [17].

In Figure 3 we report the results corresponding to a T-
junction. Also in this case, a plateau is present for strong
effective fields, whereas a quenching behaviour can char-
acterize the small effective field regime.

The correspondence between this spin accumulation
and the presence of a transverse SH current was discussed
in reference [13]. The current Ii in the lead i of a four-
probe junction with chemical potentials µj = eVj attached
to leads j can be expressed in terms of the Tij by Ii =
e2/h

∑
j Tij(Vi−Vj), and normalization requires

∑
j Tij =

1 [19,20]. Here I1 = I↑1 + I↓1 is the injected current, Is
i1 is

the charge current outgoing from the lead i corresponding
to the spin polarization s. Thus, there should be two spin
polarized (charge) currents, Is

H in the x direction, from
right to left, given by Is

H = Is
41 − Is

21. When we take into
account a spin unpolarized injected current, I1, it follows
from the spin dependence of the effective magnetic field
that I↑11 = I↓11,I

↑
31 = I↓31, I↑21 = −I↓21 and I↑41 = −I↓41.

The symmetry of the device implies that the charge Hall
current vanishes, IH = I↑H + I↓H = 0. In this case we can
define also the Spin Hall current as

IsH =
�

2e

(
I↑H − I↓H

)
. (7)

Thus, in our cases, it follows that to an injected current I0

in the lead 1 it corresponds a transverse SH current given
by equation (7), i.e. the spin accumulation will push the
pure spin current IsH into the transverse probes. This cur-
rent and its polarization can be inferred from the profiles
of 〈Sz(x)〉 in Figures 2 and 3.
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Fig. 2. (Color online) The one-dimensional transverse spatial
profile of the spin accumulation 〈Sz(x)〉 across the transverse
probes (2 and 4) of the ballistic X-junction with vanishing α-
coupling, while the β-SO coupling corresponds to ωc/ωd rang-
ing from 10−6 to 10−1. We observe a kind of plateau in the top
panel ωc/ωd � 10−2 at a large distance from the crossing zone.
We observe the presence of quenching, i.e. a negative 〈Sz(x)〉
corresponding to a negative SH resistence [17], in the bottom
panel ωc/ωd � 10−4 at a large distance from the crossing zone.
The electrons are injected at y ∼ −7.5lω where we suppose it
is located the emitter, while the collectors are moved along the
x direction.

However, according the discussion of reference [13], in
many cases the detection of the currents requires one to
measure the spin accumulation that they deposit at the
sample edges [22].

4 Discussion

The theoretical technique employed in the paper deserves
a detailed discussion.

We can compare the results presented here for the X
junction with the ones reported in reference [23]. In that

Fig. 3. (Color online) The one-dimensional transverse spatial
profile of the spin accumulation 〈Sz(x)〉 across the transverse
probes (2 and 4) of the ballistic T-junction with vanishing α-
coupling while the β-SO coupling corresponds to ωc/ωd ranging
from 10−5 to 10−1. We observe the increasing of 〈Sz(x)〉 as
the distance from the crossing zone increases. We observe the
presence of quenching, i.e. a negative 〈Sz(x)〉 corresponding to
a negative SH resistence [17], in the bottom panel ωc/ωd ∼
5 × 10−4. The electrons are injected at y ∼ −7.5lω.

paper a more standard quantum approach to calculating
the transmission amplitudes was used, and the agreement
between the approaches can be found both qualitatively
and quantitatively just for the strongest values of the ef-
fective magnetic field (the plateaus in the top panel of
Fig. 2 found for ωc/ωd > 10−2).

When the effective magnetic field decreases, in the
quenching regime, the results obtained by using the dif-
ferent approaches can begin to differ from each other. The
semiclassical approach, proposed here, can be in these
cases more suitable. This was shown by investigations
about the effects of a transverse external magnetic field on
transport through micrometric ballistic junctions, carried
out about 20 years ago. In fact several magneto-transport
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anomalies were found in these devices, among these the
quenched or negative Hall resistance, bend resistances and
a feature known as the last Hall plateau. The physical ori-
gin of these anomalies may be understood in the Büttiker-
Landauer scattering approach and it was shown that many
observed effects, e.g. the classical Hall plateau, have a clas-
sical origin and can be reproduced, based on classical tra-
jectories. Other anomalies were explained on the ground
of a strong geometry dependence; in fact, in the presence
of a transverse magnetic field, the resistances measured in
narrow-channel geometries are mainly determined by the
scattering processes at the junctions with the side probes
which depend strongly on the junction shape [24]. Thus
the rounded corners (present in a realistic situation) at the
junction between the main channel and the side branches
lead to the suppression (quenching) of the Hall resistance
at low magnetic fields, while a Hall bar with straight cor-
ners does not show a generic suppression of the Hall resis-
tance [25].

The analysis of the quenching regime in a nanojunc-
tion allowed us to test the theoretical approach presented
in this paper; in fact the discussed semiclassical method
is the most suitable to reproduce the effects due to the
real shape of the junction at low magnetic field as can
be argued by a comparison between the experimental re-
sults (Fig. 1 top of Ref. [21]) and the theoretical prediction
shown in Figure 2 top of reference [17]. Thus we suspect
that the semiclassical approach is the most suitable to in-
vestigate the spin transport through nanometric ballistic
junctions when the effective magnetic field is rather small.

The strength of the SO-couplings terms deserves an ac-
curate discussion. Both terms depend on the nature of the
heterostructure and can be differ even by orders of magni-
tude when using different materials. Moreover the α term
arising from the quantum-well electric field directed along
the z-axis is considerably diminished in square quantum
wells [26], while the β term strongly depends on the effec-
tive width of the Q1D devices forming the junctions.

The typical value of α ≡ λ2Eze in 2DEGs ranges from
10−13 to 10−10 eV m. The effective value of λ in the 2DEG
at interface InGaAs/InP can be obtained from the mea-
sured value of α (5×10−12 eV m as in Ref. [27]) and from
the calculated band diagram of the same structures. This
is in agreement with the values used in reference [5], where
α ∼ 10−11–10−12 eV m, β ∼ 0.1α (W of some hundreds of
nms) and λ2 ∼0.2–2 nm2. This estimate does not consider
the contribution to α deriving from the different values of
the wave function at the two interfaces of the quantum
well For GaAs heterostructures λ2 is one order of mag-
nitude less than in InGaAs/InP, while for HgTe based
heterostructures λ2 can be larger by one order of mag-
nitude or more, up to some tens of nm2, as discussed in
reference [28]. These values are of the same order of mag-
nitude as the ones used in reference [13], where α ranges
from 4×10−11 to 2×10−10 eV m. For our results the fun-
damental parameter is given by the ratio ωc/ωd. Because
the lithographical width of a wire defined in a 2DEG can
range from some hundreds to a few tens of nm (20 nm
as in Ref. [29]), we can assume that the ratio ωc/ωd runs

from 10−6 to 10−1. In any case W should be larger than
λF , so that at least one mode is occupied.

The value of the spin accumulation predicted for the
β-SO coupling in the T and X junctions is some orders of
magnitude larger than the one predicted in reference [13]
and is due to a quite strong α-SO interaction . We can sup-
pose that the typical values of α used there corresponds to
the larger values of ωc/ωd used in our letter. There it was
found 〈Sz(x)〉 � 10−3, i.e. a value 2 order of magnitudes
smaller than the values found by us. Thus we conclude
that in narrow ballistic junctions the β-SO coupling can
be quite relevant and is the main responsible of the spin
accumulation.

We acknowledge the support of the grant 2006 PRIN “Sis-
temi Quantistici Macroscopici-Aspetti Fondamentali ed Appli-
cazioni di strutture Josephson Non Convenzionali”.
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